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We study multi-particle state contributions to the QCD two-point functions of pseudo-scalar quark 
bilinears in a finite spatial volume. For sufficiently small quark masses one expects three-meson 
states with two additional pions at rest to have the lowest total energy after the ground state. 
Using chiral perturbation theory, we find the amplitude of this state to be too small to be seen in 
present-day lattice simulations. We speculate that curvature in the effective mass plot extracted 
from the pseudo-scalar density two-point function instead corresponds to a genuine resonance, 
^ the 7r(1300). 
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1. Introduction 

In this talk, we review recent work on excited multi-particle states with two additional pions 
in addition to the ground-state hadron [1]. 

In lattice QCD, hadron masses are extracted by computing two-point time correlation functions 
of local operators with the desired quantum numbers. The two-point correlator for a meson operator 
P in lattice QCD (we will assume a vanishing spatial momentum) can be written as 

oo 

C{t) = {P{t)P\Q)) = Y^Cne-^"' . (1.1) 

n=0 

On the lattice, one works in a finite spatial volume Lr" , with L the linear size of the lattice volume. 
We will assume that the time extent of the lattice is infinite, an assumption which is justified for 
most lattice QCD computations, in which this time extent is much larger than L. 

While the ground state is a stable particle (for instance, a pion or kaon), excited states, labeled 
by values of « > 0, can correspond to single-particle states (resonances, such as the 7r(1300)), or 
multi-particle states (such as a state with three pions). In order to disentangle the spectroscopy of 
these excited states, it will be necessary to tell these two different possibilities apart. 

When the (up and down) quarks have sufficiently small masses, the first excited state in the 
sum over states in Eq. (1.1) will be a multi-particle state composed of the ground state with two 
additional pions, with an energy approximately equal to £" = EQ + lnij^. 

Consider, for example, the results found in Ref. [2], some of which are shown in Fig. 1, taken 
from that paper. This figure shows two effective-mass plots of a valence meson in QCD with two 
dynamical flavors. The valence-meson mass is almost the same in the left and right panels, but the 
sea-quark mass is different, with the lighter sea quark in the right panel. If only the ground-state 
meson mass would be visible, the effective mass would be a horizontal line (indicated by the grey 
bands). The fact that the lattice data do not fall on this line indicates the presence of higher excited 
states, and it was conjectured in Ref. [2] that the visible excited state is a multi-particle state with 
two extra pions in addition to the ground-state valence meson. Indeed, a good fit was reportedly 
obtained with 

Meff(0 = -^logC(0=M^(l+c^'-("-)') , (1.2) 

in which Mk is the mass of the ground-state meson, M' = Mk + 2M;j with the pion n made out of 
sea quarks, and c a free constant. The question we wish to address here is whether the interpretation 
of the second exponential as due to a state with two extra pions at rest is correct. 

2. Multi-particle states in a finite volume 

For three-particle state with two extra pions, one expects the contribution to the two-point 
correlator (1.1) to look like [1] 

76 1 Sp+,^kfl^^^^mpmm^m{k))\' e-''"'' , (2.1) 
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Figure 1: Effective-mass plots of "valence-meson" mass, which is held (almost) fixed, with two different 
sea-quark masses (in partially quenched QCD), from Ref. [2]. 



where p, q and k are the spatial momenta of the three mesons, and Etot ^ ~^^k ^^'^S 

as the momenta are small, and the mesons weakly interacting. The lowest state has p = q = k = 0. 
Moreover, in a finite volume, the state with the smallest non- vanishing momentum has 



£;=£;=M,y'l+(^) , p = -q = 2K/L, (2.2) 

and is thus typically much suppressed: for a typical value of M^L = 4, the square-root factor is 
approximately equal to two. 

Of course, in order to check whether a three-particle state such as hypothized in Ref. [2] 
explains the effective mass seen in Fig. 1, one could vary the volume, i.e., L. However, for light- 
enough pions, we can calculate the coefficient c in Eq. (1.2) in chiral perturbation theory (ChPT), 
and check the quantitative contribution of the three-particle states in more detail at fixed L. In 
Ref. [1] we carried this out in lowest-order (LO) ChPT with three Ught flavors.^ 

For example, taking P = dy^u in Eq. (1.1), we find 

where f = fn = Ik the meson decay constant to LO (in the normalization in which /;;: « 
92.2 MeV), and Bf^ is the LO quark condensate.^ Note that Eq. (2.3) contains the leading three- 
particle state only, in which the two additional pions are at rest. There are, of course, other states 
with non-zero momentum particles, additional kaon pairs, etc. Our power counting is such that we 
are in the /^-regime, with 

M^^Mk^ p^l/L . (2.4) 

With this power counting, the diagrams contributing to Eq. (2.3) are shown in Fig. 2; all other 
diagrams are of higher order. 

'Note that partial quenching is not relevant when the sea-quark mass is smaller than the valence quark mass [1]. 
^In Ref. [1] several other cases were considered. 
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Figure 2: Feynman diagrams for the P correlation function. The squares represent the operators P and P* at 
times t and 0, where the open and soHd squares denote the one-pion and three-pion terms, respectively. The 
circles represent a vertex insertion; an integration over these points is implicitly assumed. At least two of the 
three lines connecting a solid square or circle are pion propagators for the contribution shown in Eq. (2.3). 

3. Examples 

Now, let us return to Fig. 1 , left panel, for which all meson masses are approximately equal. 
For this result, one finds from the details provided in Ref. [3] that /L s» 1, Mj^L w 5.9. For these 
values, c « 5 X 10^^, which is much too small to explain the curve, for which c would have to be 
more than two orders of magnitude larger. 

In this example, Mj^ ^ 620 MeV, and one may worry that this is too large for LO ChPT to 
give reliable results. However, we find similar conclusions for the right panel in Fig. 1 , for which 
Mj, « 420 MeV. 

A very similar computation with a lighter pion mass (Mji = 270 MeV) was recently carried 
out in Ref. [4]. We show the relevant results in Fig. 3. In this case, c = 1.6 x 10^^, leading to the 
blue curve shown in the figure. Again, this value is much to small to explain the data. 

4. Speculation 

Of course, our conclusions above raise the question what excited states could instead explain 
the data seen in Figs. 1 and 3. Several possibilities come to mind, a priori. The signal could be 
due to a two-particle state, like a pTi or even a a (500)71 state. For such a state, the coefficient 
c in Eq. (1.2) would be suppressed only by a factor 1/L^ instead of a factor 1/L^. Nevertheless, 
we think that these explanations are unlikely. From the extensive data reported in Ref. [3], we 
estimate that the two-particle energy of a p;r state (which has to be in a state with orbital angular 
momentum equal to one) would be at least equal to 2 GeV, too large to fit the time dependence of 
Fig. 1. It is also likely that the overlap of a a (500)71 state with the local meson operators employed 
in Refs. [2, 3] is too small. 

An alternative explanation is then, of course, that the curvature seen in Fig. 1 is due to a 
genuine resonance. If we parametrize the effective mass by 




(4.1) 



we find, by eye, from the red curves in Fig, 



1 that 



M' = 1.67 GeV 



A = 1.8 



(left panel) , 
(right panel) . 



(4.2) 



M' = 1.45 GeV 



A = 2.2 
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Figure 3: The effective mass for the 07 data of Ref. [4] (also shown in Fig. 2 of this reference.) The soUd 
blue line corresponds to the ChPT predicition for the three-pion state contribution to the effective mass. 
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Of course, both M' and A are dependent on the sea pion mass. To LO in ChPT, this dependence 
would be likely be linear in M^: 

M'{Ml) =M'o + bMl , A{Ml) = Ao + aMl . (4.3) 

From the values in Eq. (4.2), we then find 

M'{M^ = 140 MeV) = 1.27 GeV , b=lA GeY^ , a = -1.9 GeN^ . (4.4) 

The value for M' at = 140 MeV is quite close to the mass of the 7r(1300), and the values of a 
and b are of order the typical hadronic scale. It might thus well be the case that the curvature seen 
in Fig. 1 is due to a genuine physical resonance. 

5. Conclusions 

The spectroscopy of hadronic excited states is complicated, and it is important to use all avail- 
able tools in order to further the recent progress [5]. In order to identify the lowest multi -particle 
states in a given channel, ChPT can be helpful, because in many cases, for small enough quark 
masses, those multi-particle states are composed of the ground-state hadron in that channel plus 
two or more pions. Since hadronic states with different numbers of pions are related by chiral 
symmetry, the contributions of such states can be calculated in ChPT. It follows that the examples 
discussed in this talk should generalize to other channels, such as for instance the nucleon. 
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In a finite spatial volume, the state with two extra pions is suppressed by the square of the spa- 
tial volume. For pseudo-Goldstone boson channels, this suppression is of order {fjiL)^'^ {Mj^L)^'^ 
times a numerically small factor of order 1/10 (if axial currents instead of pseudo-scalar densities 
are used, the suppression is even stronger). We find, therefore, that such contributions can be ig- 
nored in the analysis of currently typical lattice data for hadron spectroscopy, when local operators 
are employed. 
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